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An analytic solution for the Fermi energy of free electrons subjected to a magnetic field in a three-
dimensional metal or doped semiconductor sample including the Landau level broadening is obtained. 
The solution is in remarkable agreement with the experimental data on the ground state energy of a two-
dimensional quantum dot through the entire range of the magnetic field values that had not yet been 
explained theoretically. In the experiment the ground state energy was measured with respect to the Fermi 
energy of the n+ electrode which itself depends on the magnetic field thus indirectly providing Fermi 
energy shift of a three-dimensional electron gas as a function of the magnetic field. Analytic solutions for 
the Fermi energy and the magnetization including the Landau Level broadening for two-dimensional 
electron gas are also derived. The theoretical magnetization results are compared with experimental data. 
 
I. INTRODUCTION 
Wagner et al. [1] had predicted a transition for the ground state (g.s.) energy of a two-electron system 
in a two-dimensional quantum dot (2D QD) from the spin-singlet to the spin-triplet state as the magnetic 
field increases. Ashoori et al. [2] experimentally observed such a transition. However, there was a 
significant discrepancy in the experimental value of the transition magnetic field with the theoretical 
value calculated by Wagner et al.  Ashoori et al. conjectured that the discrepancy may be due to the 
assumption of strictly parabolic confining potential for the 2D QD used in the calculation. Recently 
Chaudhuri [3] presented an analytic solution for the problem with finite Gaussian confining potential. 
Indeed, the theoretical results for the finite confining potential model agrees well with the experimental 
value of the transition magnetic field. However, the theoretical g.s. energy diverges continuously from the 
experimental values at higher magnetic fields. 
The divergence of the ground state energy at higher magnetic fields was attributed to the shift in the 
Fermi energy of the n+ electrode with the magnetic field [3]. The energy levels were measured through 
the resonance of the QD energy levels with the electrode Fermi energy. The Fermi energy itself changes 
with the magnetic field. At as high a magnetic field as 10 T and low temperature (𝑇 = 0.35 𝐾) one would 
expect the Fermi level to undergo de Haas-van Alphen (dHvA) oscillation. However, there is no 
discernible oscillation in the experimental data. The oscillation is dampened by the broadening of the 
Landau levels (LL) due to electron-impurity, electron-electron and electron-phonon scattering. Eisenstein 
et al. [4] determined the density of states (DoS) of two-dimensional electron systems in GaAs/AlGaAs 
heterostructures through measurements of high-field magnetization. Ashoori [5], and Ashoori and Silsbee 
[6] experimentally obtained DoS of 2D electrons using capacitive and tunneling techniques. The DoS 





al. used a theoretical model with Gaussian distribution and Ashoori et al. used a Lorentzian distribution of 
the DoS around the Landau levels to fit their experimental data. 
Chaudhuri [3] used an ansatz for the Fermi energy with LL broadening and obtained a reasonable 
agreement with the experimental g.s. energy at higher magnetic fields. While this treatment supports the 
hypothesis that the divergence is due to the Fermi energy shift including the LL broadening, the 
agreement is still not satisfactory, particularly in the critical range where the Fermi energy is close to the 
cyclotron energy. In this paper we present an analytic solution for the Fermi energy with a Gaussian 
broadening of the LL. The solution is in remarkable agreement with the experimental data in the entire 
range of the magnetic field in the experimental data. We have also obtained an analytic solution for the 
Fermi energy with Lorentzian LL broadening. The experimental data do not fit well with the theory using 
Lorentzian LL broadening.  
The paper is organized as follows. In Section II we present the analytic solution for the Fermi energy and 
the magnetization with Gaussian LL broadening and Lorentzian broadening for a 3D electron gas. In 
Section III we present the solution for the Fermi energy and the magnetization for a 2D electron system 
with Gaussian and Lorentzian LL broadening. In Section IV we fit the experimental data of Ashoori et al. 
[2] with the theoretical results obtained in Section II. In Section VI we fit the experimental magnetization 
data of Eisenstein et al. [4] with the theoretical results obtained in Section III. 
 
II. 3D ELECTRON GAS 
The 𝑙𝑡ℎ  (𝑙 = 0, 1, 2, … ) LL energy is given by 




± 𝑔ℏ𝜔𝑐/4,         (1) 
where 𝑙 = (𝑙 + 1/2)ℏ𝜔𝑐 , 𝜔𝑐 = 𝑒𝐵/𝑚
∗,  𝑚∗is the effective mass of the electrons, 𝑘𝑧 is the z-direction 
wave vector arising from the free motion of the electron in the direction perpendicular to the magnetic 
field, 𝐵, 𝑎𝑛𝑑 𝑔 is an effective Land?́? factor. The spin dependent part of the energy level ±(𝑔ℏ𝜔𝑐/4) are 
for the up and down spin states, respectively. 
With no Landau level broadening the Fermi energy is given by the following equation [7] 































.  (2) 
This formula is derived by setting 
𝜕𝐹
𝜕𝜇
= 0 and the free energy 𝐹 is calculated by using the equation, 


















𝑍(𝛽) = ∑ 𝑒−𝛽𝐸𝑙𝑙,𝑠 ,          (4b) 
𝑓 = {𝑒𝑥𝑝[(𝐸 − 𝜇)/𝑘𝑇] + 1}−1,         (4c) 
where 𝜇 is the Fermi energy, 𝑘 is the Boltzmann constant and T is the temperature. As the summation 
in Eq. (4b) is carried out with the eigen energies given by Eq. (1), a csch (
𝛽ℏ𝜔𝑐
2
) factor appears in 𝑍(𝛽). 
To carry out the integral in Eq. (4a) the integration path is replaced with a contour integral. The csch 
function has an infinite number of poles along the imaginary axis of the contour that leads to the 
oscillatory term in Eq. (2) giving rise to dHvA effect. However, assuming Gaussian broadening the DoS 
with the z-direction wave vector 𝑘𝑧 in the ∆𝑘𝑧 range is given by 







2𝛾2 ∆𝑘𝑧𝑙 ,       (5) 
where 𝛾 is the energy level broadening parameter which can be a function of the magnetic field 𝐵.  















𝑒−𝛽𝜀𝑑 ]𝑙,𝑠 ,  (6) 
As 𝛾 → 0, the 𝛾 dependent term in Eq. (6) tends to the Dirac delta function 𝛿( − 𝑙) and the equation 
for  𝑍(𝛽) tends to Eq. (4b) corresponding to the unbroadened LL case. We should note that the integration 
over  has been limited to the range ±ℏ𝜔𝑐/2 about each of the LLs which is equivalent to the assumption 
that  𝛾 ≪ ℏ𝜔𝑐/2. We will show later that this assumption does not introduce any appreciable error in the 
range of the magnetic field used in the experiments. 
Following the derivation for the unbroadened case we obtain the following equations for the free 
energy per unit volume, 𝐹, and the Fermi energy, 𝜇, as (see Appendix A for the calculation detail) 













































𝑗=1 ],   (7) 
 






































(3𝜋2𝑛)2 3⁄  is the Fermi energy at 𝐵 = 0, 𝑛 is the electron density, and the broadening 
factors 𝜏0, 𝜏1, 𝑎𝑛𝑑 𝑗 are given by  















































),  and   (8b) 
𝑗 = 𝑒
−8𝑗2𝜋2𝛾2 ℏ2𝜔𝑐
2⁄ ,          (8c) 






 is the incomplete gamma function [8], and   
(𝑎
𝑝
) = 𝑎(𝑎 − 1) … (𝑎 − 𝑝 + 1)/𝑝! is the binomial co-efficient. 
As 𝛾 → 0, 𝜏0, 𝜏1, 𝑎𝑛𝑑 𝑗, → 1. Consequently Eq. (7) appropriately reduces to Eq. (2) for the 
unbroadened LL case. We should note that also  𝜏0, 𝜏1, 𝑎𝑛𝑑 𝑗, → 1 as 𝐵 → 0 provided 𝛾 → 0 faster than 
𝐵. Using the dependence of 𝛾 on 𝐵 as 𝐵𝑎, or 𝛾 = 𝛾0(ℏ𝜔𝑐)
𝑎 , we show later by fitting the experimental 
data using Eq. (7) that 𝑎 = 2. Therefore, the Fermi energy correctly reduces to Eq. (2) at low values of the 
magnetic field. 
The magnetization 𝑀 is obtained by differentiating 𝐹 in Eq. (6) with respect to 𝐵. Neglecting the 
contributions arising from the differentiation of the sinh and the  𝑗 terms we obtain 
𝑀 = 𝑀0 [𝜏1 (
3𝑚∗2𝑔2
4𝑚0












































































































































Even though there are terms in negative powers of 𝛾 and ℏ𝜔𝑐, the magnetization, M, in Eq. (9) is well 
behaved as 𝛾 → 0 or ℏ𝜔𝑐 → 0 because of the exponential factor 𝑒
−ℏ2𝜔𝑐
2 8𝛾2⁄  which tends to zero faster as 
long as the exponent in 𝛾 = 𝛾0(ℏ𝜔𝑐)
𝑎 , 𝑎 > 1 . As 𝛾 → 0 the expression in Eq. (9) appropriately reduces 
to the Eq. (6.4.20) in [7]. 
As expected, in the domain of ℏ𝜔𝑐 < 𝜇, the cos oscillating term in Eq. (9) is much smaller than the sin 





simpler form is then obtained by removing these terms for 
𝑀
𝑀0




















𝑗=1 .    (10) 
Next we consider the LL broadened by Lorentzian shaped DoS, 






2 ∆𝑘𝑧𝑙 .        (11) 
The free energy and the Fermi energy with Lorentzian broadening are given by 













































𝑗=1 ],  (12) 
 































































I2𝑝,       (13b) 
𝑗 = 𝑒



















.     (13d) 
 
 
III.  2D Electron Gas 
The Fermi energy and the magnetization for a 2D electron gas including the LL broadening have been 
studied by several authors. Shoenberg [9] obtained an expression for the magnetization in which the effect 
of finite temperature was incorporated and LL broadening of different shapes including the Gaussian and 
Lorentzian shapes. Grigoriev and Vagner obtained analytic Fermi energy and magnetization expressions 
for sharp LLs [10] and for LLs with Lorentzian as well as exponentially falling line shapes for the LL 





as well as superconductive 2D metals with Lorentzian LL broadening. One difficulty in obtaining an 
analytic solution for 2D system that is applicable for low magnetic fields lies in the fact that Limiting the 
broadening 𝛾 → 0 slower than B as B → 0. In this paper we neglect the effect of the spread of the lowest 
LL being constrained by 
1
2
ℏ𝜔𝑐 below the LL level and obtain an expression for the Fermi energy and the 
magnetization. 
Following the same steps for the 3D system we derived the expressions for the Fermi energy and the 
magnetization for the 2D electron gas with Gaussian broadening and compared with the experimental data 
by Eisenstein et al. [4]. As has been noted by the authors cited above, that the domains of validity of the 
analytic results are restricted. As we have seen the LL broadening is proportional to 𝐵2 for 3D systems. 
As a result, the LL broadening tends to zero faster than the LL energy separation as 𝐵 → 0. The results 
we obtained with the assumption that the LL broadening is mostly confined within  ±
1
2
ℏ𝜔𝑐 are valid for 
low as well as high magnetic fields in the 3D systems. However, the LL broadening in 2D system is 
known to be proportional to √𝐵. Limiting the broadening to ±
1
2
ℏ𝜔𝑐 yields results applicable in the 
domain ℏ𝜔𝑐 ≫ 𝛾. A better approximation for the 2D system is obtained by using the integration limits 
i.e., the broadening from −∞ 𝑡𝑜 + ∞. With this assumption we obtain the following equations for the 
Fermi energy and the magnetization with the Gaussian DoS, 𝐷( ), for a 2D electron gas as 








𝑙 ,        (11) 
𝜇0 = 𝜇 [1 + (
𝜋𝑘𝑇
𝜇
) ∑ (−1)𝑗 𝑗


































𝑛 is the Fermi energy at 𝐵 = 0, 𝑛 is the electron density, 𝑀0 =
𝑒𝜔𝑐
𝜋
 is the 
magnetization per unit area, and the broadening factor 𝑗 is given by  
𝑗 = 𝑒
−8𝑗2𝜋2𝛾2 ℏ2𝜔𝑐
2⁄ .          (14) 
We should note that we have removed a constant background term in the equation for the 
magnetization in the magnetization, 𝑀. 
With the same approximations as in the Gaussian broadening case, we obtain the following equations 
for the Fermi energy and the magnetization with the Lorentzian DoS, 𝐷( ), for a 2D electron gas 






2𝑙 ,         (15) 
𝜇0 = 𝜇 [1 + (
𝜋𝑘𝑇
𝜇
) ∑ (−1)𝑗 𝑗



































𝑗=1 ,     (17) 
 
where, the broadening factor 𝑗for the Lorentzian broadening is given by 
𝑗 = 𝑒
−2𝑗𝜋𝛾 ℏ𝜔𝑐⁄ .          (18) 
 
     
IV.  3D Electron Gas Results 
In FIG. 5 of reference [3], Chaudhuri had plotted the theoretical and experimental g.s. energies versus 
the magnetic field of a two-electron system in a 2D quantum dot confined by a Gaussian potential. The 
solid line represented the theoretical results for the Gaussian confining potential and the dash-dotted line 
represented the same with an additional correction arising from higher order terms neglected in separating 
the Hamiltonian in the center of mass and the relative coordinates of the two-electron system. The 
experimental data and the two theoretical results described above are reproduced in FIG. 1 of this paper 
with the solid line curve replaced by the dashed line. While the theoretical g.s. energy at lower magnetic 
fields as well as the transition magnetic field agreed well with experimental data, they diverged 
significantly at higher magnetic fields as shown by the dashed and the dash-dotted plots in Reference [3] 
that did not include Fermi energy shift of the n+ electrode. 
Chaudhuri [3] used a (ℏ𝜔𝑐/𝜇)
3 2⁄  magnetic field dependent ansatz with a single parameter and 
neglected the oscillation term to take into account of the LL broadening in the Fermi energy. While the 
ansatz provided support for the hypothesis that the divergence of the theoretical results with the 
experimental data at higher magnetic fields is due to the shift in the Fermi energy including LL 
broadening of the n+ electrode, the theoretical results were clearly not satisfactory, particularly in the 
critical range where the Fermi energy is close to the cyclotron energy. In FIG.1 below we plotted the g.s. 
energy represented by the solid line as calculated in reference [3] but with the Fermi energy correction 
including the LL broadening given by Eq. (8) in this paper. The broadening parameter 𝛾 is assumed to be 
𝐵-dependent in the form 𝛾 = 𝛾0(ℏ𝜔𝑐)
𝑎. The values of the parameters 𝛾0 and 𝑎 were varied to fit the 
theory with the experimental data. The value of 𝑎 for a good fit lied in a very narrow range around 2.0. 
The mean square deviation increased by a factor of 2 with only ±0.005 deviation from 𝑎 = 2.0. The 
value of  𝛾0 for the least square fit is 0.03 𝑚𝑒𝑉/𝑇
2 with 𝑎 = 2. The value of 𝛾0 is also within a narrow 
range for a good fit. 
The value of 𝛾 𝑎𝑛𝑑 
1
2
ℏ𝜔𝑐   at 𝐵 = 10 𝑇 are 0.3 meV and 8.6 meV, respectively. The assumption made 
in the derivation of the Fermi energy and the magnetization that 𝛾 ≪ ℏ𝜔𝑐/2 is clearly valid in the entire 






FIG. 1. Ground state energy level as a function of the magnetic field. The dashed line represents the results calculated for the 
Gaussian confining potential and the dash-dotted line represents the results calculated for the corrected Gaussian potential from 
Reference [3]. The solid line represents the results with the electrode Fermi level correction given by Eq. (8) in this paper. The 
circles are the estimated experimental data from FIG. 2. of Ashoori et al. [2]. The arrow indicates the singlet-to-triplet crossing 
according to the experiment. 
That the theoretical results agree so well with the experimental data is remarkable for two reasons. 
Frist, the narrow range of the two parameters for a good fit with the data indicates the accuracy of the 
theoretical Fermi energy shift with the magnetic field. The complex nature of the LL broadening is well 
known. And yet the effect of all that complexity is captured through a closed form equation is notable. 
Second, while we cannot ascertain from the experimental data read from the graph of Ashoori et al. [2] 
whether there is a damped oscillation in the g.s., a visual inspection indicates that there may indeed be an 
up and down variation in the experimental data. The theory clearly indicates the presence of damped 
oscillation particularly at lower magnetic field values. It may be possible to measure the g.s. energy in this 
range with higher accuracy to detect the oscillation in the Fermi energy. The Fermi energy and the 
magnetization given by Eq. (8) and Eq. (9), respectively, including the LL broadening may provide a 
useful tool to study the LL broadening with experimental data on the Fermi energy and magnetization of a 





While the 𝐵2 dependency of the LL broadening is clear from the data fit, we have not found a clear 
theoretical treatment on how the LL broadening depends on the magnetic field. As a first order 
approximation Barker [13] obtained theoretical results for the LL broadening and found that the 
broadening arising from electron-phonon scattering depends on the magnetic field as 𝐵2/3 and that arising 
from electron-impurity scattering is independent of 𝐵. Barker noted that multiple impurity scattering was 
not included and hence it should be treated as a first approximation. Zlobin and Zyryanov [14] obtained 
the magnetic field dependence of the electron relaxation time due to acoustical phonon and neutral 
impurity scattering as 𝐵−2. Kogan [15] similarly obtained a 𝐵−2dependent electron relaxation time due to 
acoustic phonon emission. Allan et al. [16], while did not directly measure the dependence of the electron 
lifetime as a function of the magnetic field, used a 𝐵−2 dependent formula [17] to compare their 
experimental data on the electron lifetime dependence on the N=1 LL electron concentration and found a 
good agreement. 
In FIG. 2 we have plotted the Fermi energy with the LL broadening given by the parameters 𝑎 = 2.0 
and 𝛾0 = 0.03 𝑚𝑒𝑉/𝑇
2 and without any LL broadening to show the contribution to the g.s. energy due to 
the LL broadening corrections. 
 
FIG. 2. Fermi energy as a function of the magnetic field. The solid line represents the results with the Gaussian LL 
broadening. The broadening parameters 𝑎 = 2.0 and 𝛾0 = 0.03 𝑚𝑒𝑉/𝑇
2 are corresponding to the best fit of the 2-electron g.s. 






FIG. 3. Magnetization versus the magnetic field. Fig. 3(a) corresponds to no broadening case 𝛾0 = 0 and Fig. 3(b) 
corresponds to the broadening case with 𝛾0 = 0.03 𝑚𝑒𝑉/𝑇
2 and 𝑎 = 2. 
In Fig.3 we have plotted the magnetization versus the magnetic field with no broadening and a 
broadening characterized by 𝑎 = 2.0 and 𝛾0 = 0.03 𝑚𝑒𝑉/𝑇
2 corresponding to the sample in the 





The theoretical results with Lorentzian broadening do not fit well with the experimental data. The 
damping of the oscillation characterized by the broadening parameter 
𝑗
 depends on the magnetic field as 
𝑒−𝛼𝐵as opposed to 𝑒−𝛽𝐵
2
for the Gaussian broadening case. It is clear from the data that the Gaussian 
shape broadening characterizes the LL broadening extremely well while the Lorentzian shape does not. 
 
V. 2D Electron Gas Results 
Eisenstein et al. [4] fitted their experimental magnetization data for sample 1 with calculated results 
using a Gaussian broadening of the DoS with a linewidth parameter Γ which is proportional to √𝐵. While 
it was not indicated in the paper, we assume that they used numerical methods to calculate the 
magnetization. In FIG. 4 we plotted the experimental data obtained from the graph in their paper and the 
corresponding theoretical values obtained by using Eqs. (13) and (17) corresponding to Gaussian and 
Lorentzian LL broadening, respectively.  As mentioned earlier, a constant background magnetization 
value has been removed from both the experimental and the theoretical data. Eisenstein et al. obtained 
1 𝑚𝑒𝑉/𝑇1 2⁄ for the value of 𝛾0 in 𝛾 = 𝛾0√ℏ𝜔𝑐. The solid line in FIG. 4(a) represents theoretical data 
given by Eq. (13) fitted by eye with the experimental data. The value of 𝛾0 for the fit is 0.45 𝑚𝑒𝑉/𝑇
1 2⁄ . 
As expected, the contribution of the second term in Eq. (13) is small compared to the first. The solid line 
in FIG. 4(b) represents theoretical results given by Eq. (17) for Lorentzian broadening fitted by eye with 
the experimental data. The value of 𝛾0 for the fit is 2 𝑚𝑒𝑉/𝑇
1 2⁄ .  
We note that the Fermi energy in Eqs. (13) and (17) is dependent on the magnetic field. The 
theoretical results shown in FIG. 4 are obtained by setting 𝜇 = 𝜇0. 
Considering the approximations involved in the 2D case, both the Gaussian and Lorentzian LL 
broadening provide reasonably good fits with the experimental data. The theoretical and the experimental 
data start to diverge at 𝐵 > 7 𝑇.  The fit by Eisenstein et al. also starts to diverge at about the same 
magnetic field but at a much slower rate. We believe it is due to the terms we have neglected for smaller 
𝐵 values to obtain the analytic solutions that may be significant at higher magnetic field values. As 
mentioned earlier, unlike the 3D system the Fermi energy and the magnetization results for the 2D 
systems involve approximations needed for the smaller 𝐵 values that introduce errors at higher 𝐵 values. 
Both for 2D and 3D systems the damping factor 𝑗 = 𝑒
−8𝑗2𝜋2𝛾2 ℏ2𝜔𝑐
2⁄  depends on the broadening 
parameter 𝛾 as 𝑒−𝑐𝛾
2
for the Gaussian broadening as opposed to 𝑒−𝑐𝛾 with the Lorentzian broadening. The 
theoretical results for the Fermi energy for the 3D system with Gaussian broadening fits very well with 
the experimental data while it does not with Lorentzian broadening. The magnetization for the 2D system 
fits reasonably well with the experimental data for both Gaussian and Lorentzian broadening cases in 
spite of the fact that the exponent depends on 𝐵 as 𝑒−𝑐𝑜𝑛𝑠𝑡/𝐵 and 𝑒−𝑐𝑜𝑛𝑠𝑡/√𝐵 for the Gaussian and the 
Lorentzian broadening cases, respectively.  The normalization factors for the Gaussian and Lorentzian fits 
are 2 and 20, respectively. The values of the exponential factor 1 for the Gaussian case are close to 
10
1
for the Lorentzian case in the range of 𝐵 values plotted in FIG. 4. That is the reason for the 
magnetization to agree well with theoretical magnetization obtained with both the Gaussian and 






FIG. 4. Magnetization as a function of the magnetic field. The solid line in (a) represents the theoretical fit for the Gaussian 
broadening given by Eq. (13). The dashed lines represent the experimental data read from the graph 1(a) in the paper by 
Eisenstein et al. The broadening parameters 𝛾0 = 0.45 𝑚𝑒𝑉/𝑇𝑒𝑠𝑙𝑎
1 2⁄ and 𝛾 = 𝛾0√ℏ𝜔𝑐 .  The solid line in FIG. 4(b) represents 
the theoretical result given by Eq. (17) with a Lorentzian LL broadening. The broadening parameters 𝛾0 = 2 𝑚𝑒𝑉/𝑇𝑒𝑠𝑙𝑎
1 2⁄  and 
𝛾 = 𝛾0√ℏ𝜔𝑐 . 
Ashoori [5] and Ashoori and Silsbee [6] experimentally determined the DoS of a 2D system using 
capacitive and tunneling techniques. They fitted their experimental DoS data with the theoretical DoS 
including a Gaussian and a Lorentzian shape LL broadening. They used four broadening parameters one 
each corresponding to the first four LL peaks for both the Lorentzian and the Gaussian broadening to fit 
the data. They find that the DoS with Lorentzian broadening fits better than with Gaussian broadening. 
From the comparison of the magnetization data by Eisenstein et al. [4], however, we could not make any 
conclusion on whether the Gaussian or Lorentzian shape represents the LL broadening better for the 2D 
system.  
The Fermi energy with no LL broadening and with the LL broadening with the Gaussian broadening 
parameter obtained by the fit with the experimental data by Eisenstein et al. are plotted in FIG. 5(a) and 







FIG. 5. Fermi energy versus magnetic field for no broadening (𝛾0 = 0) and broadening with the parameter value 𝛾0 =
0.45 𝑚𝑒𝑉/𝑇1 2⁄ , respectively. 
 
VI: Summary 
Analytic expressions for the Fermi energy and the magnetization of a 3D as well as a 2D electron gas 
including Gaussian LL broadening and Lorentzian broadening are obtained. The 3D Fermi energy 
equation with LL broadening has been used to fit the g.s. energy experimental data of a 2D system 





Assuming the LL broadening parameter to be proportional to 𝐵2 the theoretical results agree remarkably 
well with the experimental data with a single parameter fit. The theoretical results obtained with 
Lorentzian shape broadening of the LLs on the other hand do not fit well with the experimental data. 
The magnetization for a 2D electron gas including the LL broadening obtained in this paper was used 
to fit the experimental data with a single parameter. This was previously carried out probably using 
numerical calculation. Because of the 𝐵1/2 broadening parameter dependence of a 2D electron gas, we 
made an approximation in removing the restriction on the limits of an integration to obtain the 
magnetization and the Fermi energy equations. Theoretical results with both Gaussian and Lorentzian 
broadening agree reasonably well with the experimental data at least up to a magnetic field of 7 T. 
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APPENDIX A: Calculation Detail 
Following [7], the integration in Eq. (4a) with 𝑍(𝛽) given by Eq. (5) is carried out using a contour 
integration. The contour integration has two parts. The first part arises from the poles in the closed 
contour along the imaginary axis. The extra factor because of the Gaussian broadening in Eq. (5) to the 


















)].    (A1) 















𝑘=0 cos [(2𝑘 + 1)𝑎𝑟𝑐𝑡𝑎𝑛 (
8𝑗𝜋𝛾2
ℏ2𝜔𝑐
2 )].  (A2) 
Although this is the exact result of the integration it is difficult to calculate numerical results for the 
infinite series because of the multiplication of two factors, one very large and one very small. For the 




) which reduces to 1 thus yielding Eq. 8(c). 
The second part of the contour integration arising from the part of the contour parallel to the negative 

























respectively, due to the 𝑒−𝛽𝜀 factor in Eq. (5). 
Expanding the (𝐸 − 𝑥)5/2 and (𝐸 − 𝑥)1/2 terms in binomial series and noting that the integrals 





[1]  M. Wagner, U. Merkt and A. V. Chaplik, Phys. Rev. B, vol. 45, p. 1951, 1992.  
[2]  R. C. Ashoori, H. L. Stormer, J. S. Weiner, L. N. Pfeiffer, K. W. Baldwin and K. W. West, Phys. 
Rev. Lett., vol. 71, p. 613, 1993.  
[3]  S. Chaudhuri, Physica E: Low-dimensional Systems and Nanostructures, vol. 128, p. 114571, 2021.  
[4]  J. Eisenstein, H. Stormer, V. Narayanamurti, A. Cho, A. Gossard and C. Tu, Phys. Rev. Lett., vol. 
55, no. 8, p. 875, 1985.  
[5]  R. C. Ashoori, The Density of States in The Two-dimensional Electron Gas and Quantum Dots, 
Ph.D. Thesis, Cornell University, 1991.  
[6]  R. C. Ashoori and R. H. Silsbee, Solid State Commun., vol. 81, no. 10, p. 821, 1992.  
[7]  J. Callaway, Quantum Theory of the Solid State, New York: Academic Press, Inc., 1976.  
[8]  M. Abramowitz and I. Stegan, Handbook of Mathematical Functions, Washington, D.C.: National 
Bureau of Stanadrds, U.S. Department of Commerce, 1964.  
[9]  D. Shoenberg, J. Low Temp. Phys., vol. 56, p. 417, 1984.  
[10]  P. Grigoriev and I. Vagner, JETP, vol. 69, p. 156, 1999.  
[11]  P. Grigoriev and I. Vagner, "arXiV," October 2000. [Online]. Available: https://arxiv.org/abs/cond-
mat/0009409. 
[12]  T. Champel and V. Mineev, "arXiv," Aug 2000. [Online]. Available: https://arxiv.org/abs/cond-
mat/0006156. 
[13]  J. Barker, J Phys. C, vol. 5, p. 1657, 1972.  





[15]  S. Kogan, Sov. Physics Solid State, vol. 4, p. 1813, 1963.  
[16]  G. Allan, A. Black, C. Pidgeon, E. Gornik, W. Seidenbusch and P. Colter, Phys. Rev. B, vol. 31, no. 
6, p. 3560, 1985.  
[17]  E. Gornik, Springer Lecture Notes in Physics, edited by W. Zawadzki, p. 160, Berlin: Sprnger, 
1980.  
 
 
